The cubic Szegő equation has been studied as an integrable model for deterministic turbulence, starting with the foundational work of Gérard and Grellier. We introduce a truncated version of this equation, wherein a majority of the Fourier mode couplings are eliminated while the signature features of the model are preserved, namely, a Lax-pair structure and a nested hierarchy of finite-dimensional dynamically invariant manifolds. Despite the impoverished structure of the interactions, the turbulent behaviors of our new equation are stronger in an appropriate sense than for the original cubic Szegő equation. We construct explicit analytic solutions displaying exponential growth of Sobolev norms. We furthermore introduce a family of models that interpolate between our truncated system and the original cubic Szegő equation, along with a few other related deformations. All of these models possess Lax pairs, invariant manifolds, and display a variety of turbulent cascades. We additionally mention numerical evidence that shows an even stronger type of turbulence in the form of a finite-time blow-up in some different, closely related dynamical systems.
Introduction
In studies of Hamiltonian PDEs, the phenomenon of turbulence continues to challenge various communities of mathematicians and physicists. It is defined by transfer of energy from long-wavelength to short-wavelength modes, leading to concentration of energy on arbitrarily small spatial scales. Such turbulent cascades are usually quantified by the growth of Sobolev norms, and the general question of unbounded increase of Sobolev norms is a longstanding problem [2] . Historically, much of the effort in this direction has focused on the wave turbulence theory [3] which employes averaging over the phases of weakly interacting waves. By contrast, studies of fully deterministic turbulence tend to be more recent, with much of the related efforts focused on the nonlinear Schrödinger equation [4] [5] [6] [7] [8] [9] [10] [11] [12] . Close parallels exist between this line of research and studies of weak turbulence in Anti-de Sitter spacetimes [13, 14] , a topic of interest within general relativity and theoretical high-energy physics.
Motivated by studies of nonlinear Schrödinger equations, Gérard and Grellier designed a tractable model of non-dispersive evolution, the cubic Szegő equation [15] ; see [16] for a review. This nonlinear equation on the circle S 1 is Lax-integrable and displays turbulent behaviors that can be analyzed using integrability. To be more precise, it has been proved that there exist initial conditions with super-polynomial growth of some Sobolev norms; however, there are no explicit examples of such data. Existence of initial conditions with exponential growth of Sobolev norms is another open problem. Explicit solutions can be constructed that show 'weak weak turbulence' in the language of [5] , so that the Sobolev norm growth is always bounded but can be arbitrarily enhanced by fine-tuning the initial data. These properties of the cubic Szegő equation motivated various studies of modifications of this model in order to elucidate whether such features are preserved and/or some additional phenomena emerge due to modifications. Examples that preserve integrability but display initial configurations with unbounded Sobolev norm growth in the past literature are [17] [18] [19] [20] . In [17] , the cubic Szegő equation was placed on the real line R, providing solutions with polynomial growth of Sobolev norms. In [18] , the so-called α-Szegő equation was introduced, with explicit examples of initial configurations with exponentially growing Sobolev norms. A few years later, the quadratic Szegő equation was introduced in [19] . This case also displayed solutions with exponentially growing Sobolev norms. Finally, in [20] , we can find the damped Szegő equation, likewise with unbounded Sobolev norm growth.
The cubic Szegő equation and the other systems we discuss here belong to the class of cubic resonant systems. These resonant systems often arise as weakly nonlinear approximations to the dynamics of PDEs whose linearized spectra of normal frequencies are strongly resonant. Thus, it was shown that the cubic Szegő equation accurately describes the weakly nonlinear long-time dynamics of some sectors of the half-wave equation [15, 16] and the wave guide Schrödinger equation [21] . In closer contact with physics applications, resonant systems arise as approximations for the dynamics of Bose-Einstein condensates [22] [23] [24] [25] [26] and in Anti-de Sitter (AdS) spacetimes [27] [28] [29] [30] [31] [32] [33] , the latter topic extensively studied in relation to AdS instability [13, 14] . Resonant systems constructed in this way often show powerful analytic structures and admit special solutions [34, 35] , even in the absence of Lax-integrability that characterizes the cubic Szegő equation and other systems that we focus on here.
As we have mentioned, considerable attention has been given to modifying the cubic Szegő equation in a way that strengthens its turbulent behaviors or makes them more manifest. The main goal of our present exposition is to report our discovery of the truncated Szegő equation that possesses such features, together with systems interpolating between this new equation and the original cubic Szegő equation, and some further related deformations. Relatively to what has been proposed in the literature before, our systems are close in spirit to those of [18] and [20] , though the concrete alteration we make in the equations is completely different. One might legitimately ask what is the purpose of introducing yet another modification of the cubic Szegő equation with such properties. First, for any system as special as the cubic Szegő equation, it is important to understand the full range of modifications that preserve its crucial properties (Lax-integrability, invariant manifolds, turbulence), and our results provide an extra four-parameter space of dynamical systems to contribute to this picture. Second, our equation is qualitatively distinct, say, from the modifications introduced in [18, 20] , which are its closest analogs, and may teach us important lessons. The modifications of [18, 20] are designed by adding a single simple term to the cubic Szegő equation. By contrast, our truncated Szegő equation results from removing most of the terms from (the Fourier representation of) the cubic Szegő equation. As turbulent energy transfer relies on mode couplings, the fact that turbulence is strengthened after removing a majority of mode couplings is surprising and counter-intuitive, and makes us think of the curious naval engineering incident from our epigraph, though the route by which we arrived at our equation was more systematic relatively to the XIX century naval precedent. Apart from their direct relevance in the context of the cubic Szegő equation studies, our findings may invite general re-evaluation of which mode couplings play an essential role in formation of turbulent cascades.
The article is organized as follows: in section 2, we provide some relevant details on resonant equations in general, as well as the cubic Szegő and α-Szegő equations, which form the background material for our actual studies. In section 3, we introduce and examine our first model, the truncated Szegő equation. The Lax pair structure, invariant manifolds and explicit solutions with unbounded Sobolev norms are constructed. In section 4, we do the same with our second model, the β-Szegő equation. In section 5, some further deformations of the cubic Szegő equation are reported. We provide summary and commentary, and mention some extra tentative results on finite-time turbulent blow-up in section 6.
2 Brief review of resonant equations, the cubic Szegő equation and the α-Szegő equation
Resonant equations
The cubic Szegő equation and the new equations we shall introduce in this paper are all of the following algebraic form:
Here, α n with n = 0, 1, 2, . . . are complex-valued functions of time, which are our dynamical variables, bars denote complex conjugation, and C nmkl are real numbers that can be called the mode couplings or the interaction coefficients. The interaction coefficients are invariant under the following interchanges of the indices: n ↔ m, k ↔ l, (n, m) ↔ (k, l). Such systems are often called resonant systems or resonant equations. Note the resonant condition n+m = k +l restricting the summations in (1) . Different representatives of this large class of equations that we shall study are distinguished by different explicit choices of the interaction coefficients C. Equations of the form (1) commonly arise via application of time-averaging or multi-scales analysis [36, 37] as weakly nonlinear approximations to PDEs whose linearized spectrum of normal frequencies is highly resonant, as happens to a number of PDEs in harmonic traps or Anti-de Sitter spacetimes. We shall not review such derivations here, as it is quite far apart from our main focus, and will simply refer the reader to [14, 22, 25, 36, 37] . We note that, viewed from this perspective, the dynamical variables α n originate as the complex amplitudes of the linearized normal modes of the PDE, which acquire slow evolutions under the effect of weak nonlinearities. A system of the form (1) then accurately approximates this slow evolution.
The resonant equation (1) has a canonical Hamiltonian structure with a Hamiltonian of the form
and the symplectic form i n dᾱ n ∧dα n . In addition to the Hamiltonian, there are two generic conserved quantities, irrespectively of the form of the interaction coefficients C, which we list together with the associated symmetry transformations:
Additionally, equation (1) enjoys the scaling symmetry α n (t) → α n ( 2 t).
For specific choices of the interaction coefficients, the set of symmetries and conserved quantities may, of course, become much bigger. This is the case for the class of systems treated in [34] , for the cubic Szegő equation, and for the new systems we shall introduce below. In full generality, equation (1) admits an infinite number of dynamically invariant manifolds. Namely, one can choose two mutually prime integers p and q, p < q, and set to zero all α n except for those with n = p mod q. If this restriction is implemented in the initial conditions, (1) guarantees that the modes set to zero will never get excited, which defines an invariant manifold of the evolution. We shall use such (p mod q)-restrictions in some of our arguments. Again, for special systems within the large class given by (1) , there can be many more invariant manifolds. Thus, for the systems at the focus of our current study, a crucial role is played by an infinite hierarchy of finite-dimensional invariant manifolds that we shall explicitly review below.
The cubic Szegő equation
The cubic Szegő equation was intensively studied in [15] and is usually given in the form
where Π, the so-called Szegő projector, acts as a filter of negative Fourier modes
This equation is placed on the circle S 1 and studied for u ∈ L 2 + (S 1 ); namely, the space of functions L 2 (S 1 ) where negative Fourier modes are zero, α n = 0 ∀n < 0. Then, as Π : L 2 (S 1 ) → L 2 + (S 1 ), (6) guarantees that for initial conditions u 0 ∈ L 2 + (S 1 )
The space L 2 (S 1 ) is endowed with the inner product
The cubic Szegő equation admits a Hamiltonian structure with the Hamiltonian
Substituting the Fourier expansion (8) into (6), we rewrite the cubic Szegő equation in an equivalent form
This representation manifestly matches the general algebraic structure of the resonant equation (1), with the interaction coefficients given by the very simple expression C (Sz) nmkl = 1. We thus note that there are two different representations here to deal with: the position space representation (6) in terms of the Szegő projector, and the Fourier space representation (11) . The position space representation is more familiar from the literature on the cubic Szegő equation, and the Szegő projector language is effective, for example, for analyzing Lax integrability. The Fourier space representation makes more explicit contact with the physics of resonant systems. We shall rely on both representations in our derivations to highlight various aspects of our considerations.
Some relevant properties of the cubic Szegő equation are [15] :
• This system possesses two Lax pairs; see (21) below.
• Sobolev norms 1 of solutions of (6) subject to initial conditions u 0 ∈H s
, cannot grow faster than exponentially,
• There exist complex invariant manifolds L even (D) and L odd (D) of dimension 2D and 2D + 1 respectively for D ∈ N + , with the form
• Sobolev norms for initial conditions u 0 ∈ L = L even ∪ L odd remain bounded for all times,
• There are families of initial conditions u 0 ∈ L such that
namely, despite (15), we can fine-tune the initial conditions to get Sobolev norms with s > 1/2 that grow as much as we please. (This is sometimes known as 'weak weak turbulence' [5] .) In particular, the 3-dimensional invariant manifold L odd (1) contains such solutions and will be of special interest in this paper. 1 In terms of the Fourier modes, Sobolev norms can be expressed in the form
(1 + n) 2s |α n | 2 .
• There exist initial conditions u 0 in C ∞ (S 1 ) ∩ L 2 + (S 1 ) such that for all s > 1/2
Namely, there is an infinite sequence of exchanges of energy back and forth between low and high modes, and the flow of energy to high modes provides for a super-polynomial growth of Sobolev norms with s > 1/2. We remark that currently there are no explicit examples of these initial data.
• The existence of initial conditions u 0 , such that Sobolev norms with s > 1/2 display an exponential growth is an open problem. Now, to define the Lax pairs for (6), consider the following operators:
In components, their action is
Note that S is simply a shift changing the sequence {α 0 , α 1 , . . .} into {0, α 0 , α 1 , . . .}, while the corresponding conjugate S † does the opposite shift from {α 0 , α 1 , . . .} into {α 1 , α 2 , . . .}.
In particular, S † S = 1.
The two Lax pairs given in Theorem 3 in the third reference of [15] are
with
whenever the equations of motion for u are satisfied.
The α-Szegő equation
The α-Szegő equation [18] was constructed as a deformation of the cubic Szegő equation by a term proportional to the lowest mode α 0 = (u|1):
where α ∈ R and u, Π and the operators K u and C u (that will appear later in this section), have the same definition as for the cubic Szegő equation. For any α = 0, the continuous dependence on this parameter can be absorbed by the rescalingũ(t) = |α|u(|α|t), leaving the α-Szegő equation as
Note that this model cannot be literally expressed in terms of the resonant equation (1), but the necessary deviation from the algebraic structure of (1) is small and only appears in the equation for the lowest mode:
The properties of this system are slightly different from the case of the cubic Szegő model [18] :
• The α-Szegő model possesses one Lax pair
• Sobolev norms of solutions of (24) subject to initial conditions u 0 ∈ H s + (S 1 ) with s > 1, cannot grow faster than exponentially,
• There exist complex invariant manifolds L odd (D) defined in (14) .
• For α < 0 and initial conditions u 0 ∈ L odd , Sobolev norms are bounded
• For α > 0 and some u 0 ∈ L odd (1), Sobolev norms with s > 1 2 grow exponentially for large enough time,
Hence, the α-Szegő equation has solutions with unbounded Sobolev norms.
• The α-Szegő equation contains the cubic Szegő equation. Even for α = 0, by restricting the initial conditions to odd modes (setting even modes to 0), (25) is reduced to (11) . Hence, the α-Szegő equation has subsectors of initial conditions with the properties displayed in subsection 2.2.
The truncated Szegő equation
With the above preliminaries, we proceed with the key point of our presentation, which is the introduction of the truncated Szegő equation. Starting from the cubic Szegő equation, one simply sets to zero a specific large set of the interaction coefficients (a majority of them, in fact), while leaving the remaining ones intact, according to the pattern
The condition that the product nmkl must vanish evidently implies that at least one of the mode numbers n, m, k or l must vanish in order for the corresponding coupling coefficient C to be nonzero. We have labelled the interaction coefficients of this truncated Szegő system by C (tr) for future reference. By truncation, we simply mean eliminating interactions between modes (it should not be confused with restricting the dynamics of a given system to one of its invariant manifolds). Given the expression for C (tr) , the equations of motion (1) take the form
One can rewrite (31) in position space, i.e., in terms of u given by (8):
where Π is the Szegő projector (7) and S the shift operator defined in (19) . The corresponding Hamiltonian is
This Hamiltonian can be understood as the cubic Szegő system minus a "shifted" cubic Szegő system, with {α 0 , α 1 , ...} replaced with {α 1 , α 2 , ...}. The same pattern can be noticed in (32) . This structure of the model will be important for deriving properties of the truncated Szegő equation from the results previously known for the cubic Szegő equation. We now list the main properties of the truncated Szegő equation, which are the central technical results of our paper, and which will be proved in the remainder of this section:
• The truncated Szegő equation possesses one Lax pair, defined through the operators (19) (20) (21) (22) :
(See the appendix for an explicit action of these operators in the mode representation.) Note that the presence of two Lax pairs in the original cubic Szegő equation is essentially used in the construction of its general solution in the third reference of [15] . Such derivations do not immediately generalize to the α-Szegő equation or our system.
• Sobolev norms of solutions of (32) subject to initial conditions u 0 ∈ H s + (S 1 ) with s > 1, cannot grow faster than exponentially, which excludes a finite-time blow-up:
• For some u 0 ∈ L odd (1), Sobolev norms with s> 1 2 grow exponentially at late times:
Before proceeding with our proofs, we add some extra comments:
• Integrability is a very fragile property, and a priori, one expects any modifications in the mode coupling pattern to upset it. The specific modification of the mode couplings used to define the truncated Szegő equation is very special in this regard, as integrability is preserved (although we lose one of the two Lax pairs of the cubic Szegő equation equation). Note that the first Lax operator K u is common to the original and the truncated Szegő equations. As a consequence, one can construct a Lax pair for an arbitrary linear combination of C (tr) and C (Sz) . This is the key idea behind our β-Szegő system to be introduced in section 4.
• The exponential growth of Sobolev norms (36) is very surprising given the apparently impoverished structure of (30) . Interactions only through high modes have been completely eliminated, so that all the interactions must involve the lowest mode. Paradoxically, this enhances the turbulent phenomena in L odd (1).
• In view of the exponential growth of Sobolev norms (36) the bound (35) is optimal.
• In this work, we will focus our attention on the properties of solutions in L odd (1) .
is an open problem.
• The properties displayed here for the truncated Szegő equation and the ones for the α-Szegő equation showed in section 2.3 are similar; however, we remark that the mode coupling structures of systems (25) and (31) are very different. We shall return to further comparisons between these systems in our concluding section.
Lax pair, bounded Hamiltonian and L odd (D) invariant manifolds
The local and global well-posedness of the truncated Szegő equation for initial conditions u 0 ∈ H s + (S 1 ) with s > 1/2, as well as the exponential upper bound (35) , come from the results obtained in [15] for the Szegő equation and in [18] for the α-Szegő equation, essentially because the right-hand sides of (31) consist of subsets of terms that would have appeared in the case of the cubic Szegő equation. Specifically, after integrating (32) in time
we have to use the estimates (where u W := |α n | is the Wiener norm)
A proof of this estimate can be found in the appendix of the first reference of [15] .
the upper bound for the Wiener norm for s > 1 [18] ,
and the Gronwall lemma. Note that the bound on the Wiener norm is proved in [18] only relying on the fact that K u is a Lax operator. Since that holds true for our current model, as we shall immediately demonstrate, the proof of [18] directly translates to our case. To establish the Lax pair (34), we recall the "Szegő-minus-shifted-Szegő" structure of the truncated Szegő system. Then, one can effectively reuse the Lax pairs (21) .
i.e., they provide a Lax pair.
Proof. For this proof, we will use the Lax pairs (21) for the cubic-Szegő equation. We consider dK u /dt evaluated with the equation of motion (32) .
The first term is simply what one would have gotten for the cubic Szegő equation itself, and hence it equals [C u , K u ] by (21) . The second term can be written as follows, taking into account (21),
and a Lax pair for the truncated Szegő system is given by K u and
(We give an alternative verification of the Lax pair in the appendix using the language of the mode space. This derivation is lengthier but more straightforward and self-contained.)
An important fact that we must clarify is whether the Hamiltonian (33) is bounded from below. While the Hamiltonian for the cubic Szegő equation is positive, removing interaction coefficients to obtain C (tr) may undermine the existence of a lower bound. The following result clarifies in what sense the motion remains bounded: Proposition 3.2. Given initial conditions {α n (0)} such that the conserved quantities N and E defined in (3) (4) are finite, the Hamiltonian (33) is bounded from below by
Proof. The Hamiltonian (33) is rewritten in the following form
and also that
At the same time, by the Cauchy-Schwartz inequality,
Hence,
Combining everything together, we obtain the bound (44).
Not only does our truncation preserve a Lax pair, but also the invariant manifod structure L odd (D), as we shall now demonstrate: Proposition 3.3. For every positive integer D there exists a complex manifold L odd (D), given in (14) , that is invariant under the evolution of the truncated Szegő equation (31) .
Proof. We are going to show that the truncated Szegő equation reduces to 2D + 1 ODEs for 2D +1 variables when the initial conditions are restricted to L odd (D), making the restriction to such manifolds consistent with the evolution.
We start our analysis with the equations for α n≥1 , returning to the equation for α 0 at the end. The left-hand side of (31) reduces to D terms of the form i ċ i + nc iṗ i p i p n i . Now we are going to show that the right-hand side is decomposed into D terms with the same structure; namely, p n i times a linear function of n. After substituting the ansatz for L odd (D) on the right-hand side of (31), we can show that the second sum is decomposed into terms of the form A i (b, p, c)p n i where A i (b, p, c) do not depend on n. The first sum has terms of the form
When i = j it becomes B jj (b, p, c)(n + 1)p n j and when i = j (remember that p i = p j and |p k | < 1)
As a consequence, gathering all the terms with p n i on the right-hand side, we get D terms whose n-dependence is of the form p n i times a linear function of n. Matching the left-hand side and the right-hand side, we obtain 2D equations for 2D + 1 variables. The remaining equation, the one for b(t), comes from expressingḃ using the equation of motion for α 0 and the 2D equations forṗ i derived above. (1) Having described the structure of invariant manifolds, we shall now focus on the dynamics in L odd (1), and demonstrate strong explicit turbulent behaviors there, which is a proof of (36) . To this end, solutions in L odd (1) are parametrized as
Explicit blow-up in L odd
where b, a and p are complex functions of time. With this ansatz, the equations of motion in (31) are reduced to a coupled system of ODEs given by
where we have made use of the following expressions for the conserved quantities (2-4)
Note that the conservation of N, E and H tr implies the conservation of S. Through these expressions for the conserved quantities, the evolution of |α n (t)| 2 can be written in terms of |p(t)| 2 as
Therefore, our study will be focused on the equation for |p(t)| 2 . After elementary algebra utilizing (52-53), and using the notation x(t) := |p(t)| 2 , this equation can be expressed in the formẋ
with the coefficients
(a) Stationary solution.
x min 
This equation can be understood as the energy conservation for zero energy trajectories of a quartic nonlinear oscillator, which can be manifested by rewriting it aṡ
with V eff read off (55-56). Consequently, given an initial condition, through a standard analysis of V eff (x) we can determine whether |α n (t)| 2 is static, periodic or whether Sobolev norms with s > 1/2 are unbounded. See fig. 1 for illustrative pictures of V eff (x) associated with each of these behaviors.
We shall now construct explicit initial configurations within the ansatz (48) whose evolution displays unbounded Sobolev norms. The exponential bound (35) prevents any finite-time blow-up, a feature that is reflected in the potential as V eff (1) ≥ 0 and V eff (1) = 0 ⇔ V eff (1) = 0. The only kind of turbulence present is in the form of unbounded Sobolev norms growth over an infinite range of time. The corresponding type of the effective potential can be seen in fig. 1c . This set of configurations must satisfy V eff (1) = 0, a condition that, in terms of the conserved quantities, takes the form 3E − 2(N + S) = 0 (58) and in terms of the dynamical variables in L odd (1),
The solution is
indicating that only initial conditions within a lower-dimensional submanifold in L odd (1) exhibit unbounded Sobolev norm growth. This situation is directly parallel to the α-Szegő equation [18] . Assuming (60), the effective potential of (57) takes the form
where c, x min and F are functions of |p(0)| 2 and λ satisfying the bounds F > 0, 0 ≤ x min < 1 and c < x min for 0 ≤ |p(0)| 2 < 1. Furthermore, x min denotes the minimum value of x(t), and c, another real zero of V eff (x). The solution of equation (57) subject to this structure of V eff (x) is
and φ such that x(0) = |p| 2 . The inequalities c < x min , 0 ≤ x min < 1 and F > 0 guarantee that if |b| = 0, then ω > 0 and also that (c − x min ) = 0. Hence, x(t) ≡ |p(t)| 2 exponentially approaches 1 at late times:
Then, using the expressions for |α n (t)| 2 in terms of N, E and |p(t)| 2 given in (54), Sobolev norms for s > 1/2 have the following exponential growth at late times
In fig. 2 , we show the evolution of v(t, θ) = Figure 2 : Concentration of the function v(t, θ) given by (65) and its derivative at a point for initial data within the family (60) characterized by exponential growth of Sobolev norms. Fig. 2a shows that |v(t, θ)| 2 , despite becoming concentrated at a point, remains finite, converging to 4E there (black dashed line). Fig. 2b shows that the first derivative of v(t, θ) also becomes concentrated at a point, but in contrast with v(t, θ), its value at this point is not bounded.
The β-Szegő equation
Since the truncated Szegő equation inherits many properties of the cubic Szegő equation, including a common Lax operator K u and the invariant manifolds L odd (D), it is natural to ask whether an interpolating family can be constructed connecting these two equations, retaining such special properties. To explore this question, we define
with β ∈ R. Note that these coefficients are simply the linear combination
Therefore, for β = 0 and 1 we recover the original systems C (0) = C (Sz) and C (1) = C (tr) . Additionally, in the limits β → ±∞, one can rescale C (β) by ±1/β to obtain a "shifted" Szegő system (the cubic Szegő equation with {α 0 , α 1 , ...} replaced by {α 1 , α 2 , ...}). Using the standard Szegő projector and the shift operators, we can represent the resonant system (1) with the interaction coefficients (66) in position space as
We shall call this system the β-Szegő equation in analogy to the α-Szegő equation, although there are important differences between these two deformations; see section 6 for further discussion. The main properties of the β-Szegő equation, which we will analyze below, are:
• These systems possess one Lax pair
• Sobolev norms of solutions of (68) subject to initial conditions u 0 ∈ H s + (S 1 ) with s > 1, cannot grow faster than exponentially,
• There exist complex invariant manifolds L odd (D) given in (14) .
• For β < 0, the Sobolev norms for u 0 ∈ L odd (1) remain bounded,
• For β > 0, there exist u 0 ∈ L odd (1) such that the Sobolev norms with s > 1 2 grow exponentially at late times,
• For β ∈ [9, ∞), there exist u 0 ∈ L odd (1) such that Sobolev norms with s > 1 2 have a polynomial growth at late times,
• For β = 1, the β-Szegő equation contains the cubic Szegő equation as one of its invariant manifolds. It can be observed by restricting the initial conditions to odd modes (setting even modes to 0). Hence, if β = 1, the β-Szegő equation has subsectors with all the properties displayed in section 2.2.
A majority of these properties straightforwardly arise from the fact that the β-Szegő equation is a combination of the cubic Szegő and the truncated Szegő equations given by (67). For the rest of our treatment, we shall focus on proving (71-73), which requires explicit computations. (1) In order to prove (71-73) and provide explicit examples of such solutions, we essentially repeat our previous analysis of the truncated Szegő equation within L odd (1), but now at generic values of β. To this end, we write L odd (1) in the form (48), so that the equations of motion are reduced to
Explicit blow-up in L odd
While β appears on the right-hand side of these equations, the equation forẋ does not explicitly depend on this parameter (remember the definition x(t) := |p(t)| 2 )
Expressions for N and E in (52) are also β-independent, and the only dependence comes from the Hamiltonian, which can be reduced to the conserved quantity
as was done in (53). In analogy with (57), we make use of an effective potential V eff (x) to analyze the evolution of x(t). It is a quartic polynomial for a generic β, but for specific values of this parameter it can be reduced to a cubic polynomial, or for β = 0 C (Sz) , to a quadratic polynomial. Therefore, the family of models C (β) displays different phenomena for different values of β and p(0). Focusing our attention on initial conditions potentially displaying unbounded Sobolev norms, we observe that V eff (1) = 0 ⇒ V eff (1) = 0 and also that V eff (1) ≥ 0, preventing any blow-up in finite time, in agreement with the bound (70). As in the case of the truncated Szegő equation, turbulent solutions must satisfy V eff (1) = 0, a condition that, in terms of the conserved quantities, takes the form
In terms of the dynamical variables,
It shows that, for β < 0, this conditions is not satisfied for nontrivial configurations and therefore, Sobolev norms of u 0 ∈ L odd (1) remain bounded. For β = 0, the cubic Szegő system, this constraint is only satisfied for b = −ap, which corresponds to stationary solutions as we will see later. The case β > 0 is different: (80) is solved by a = bp
where certain combinations of β, p and λ lead to u(t) H s → ∞ as t → ∞ for s > 1/2. Fig. 3 shows a sketch of the different regions in the (β, p(0))-plane with λ = 0 and π.
We shall now focus the discussion on the case λ = 0, where the equations are simple enough to extract explicit expressions and this is a good representative of the behavior of the initial conditions (81) for generic λ. In this case, under condition (81), the potential
where x 0 = x(0) and F and c are functions of p and β. For 0 < β < 16 we find that V eff (x) < 0 for x 0 < x < 1 and Sobolev norms u(t) H s with s > 1/2 have exponential growth. For β ≥ 16 there are three possibilities depending on β and p:
• The additional zero c / ∈ [x 0 , 1]. In this case, the Sobolev norms with s > 1/2 u(t) H s e (2s−1)ω|t|/2 at late times.
• The additional zero c ∈ [x 0 , 1). In this case, all Sobolev norms are bounded.
• The additional zero c = 1 (at the threshold between the two previous behaviors). In this case, the Sobolev norms with s > 1/2 grow as u(t) H s t (2s−1) at late times. It can be shown that the condition c = 1 is solved by
The explicit expressions for x(t) as a function of time are then
where ω = |b| 2 | F (1 − c)(1 − x 0 )| andc = −|b| 4 F (1 − x 0 ) 2 /4 (withc > 0 for (83)).
As can be observed in fig. 3 , for λ = π, we reach to similar conclusions, but in this case the transition (c = 1) between bounded and unbounded Sobolev norms is placed at and also displays polynomial growth of Sobolev norms. For generic λ, the scenario is the same: we find combinations of the parameters β and p that lead to exponential growth of Sobolev norms, other combinations for which these norms are bounded, and a curve (depending on λ), separating the two previous behaviors, that displays polynomial growth of Sobolev norms. As we can see in fig. 3 , the cubic Szegő equation forms a transition point between systems with bounded and unbounded Sobolev norms. It is natural to wonder which solutions of cubic Szegő equation separate these behaviors. Fig. 4 provides a visual illustration of the transition. Setting β = 0 and b = −p, the initial condition (81) reduces to a family of stationary solutions for the cubic Szegő equation [15] . Its expression is more recognizable from the literature in terms of the generating function
This result makes us wonder whether one can find other modifications of the cubic Szegő equation such that (86) changes into a turbulent solution.
Some further deformations of the cubic Szegő equation
We shall now briefly address additional deformations of the cubic Szegő equation, besides the α-deformation (23) proposed in [18] and the β-deformation we introduced in the previous section, that preserve its features, such as Lax integrability and invariant manifolds, and/or exhibit unbounded Sobolev norm growth. We can propose an explicit family of this form, where the following 4-parameter deformation is introduced in the interaction coefficients (with β, γ, δ i ∈ R)
C 0000 = γ, C n0n0 = δ 1 + δ 2 n, for n = 0, C nmkl = 1, other cases with nmkl = 0,
in addition to the α-deformation, given by a single linear term as in (23) . One could engineer some other modifications of the cubic terms or the linear part; however, they can be reduced to the ones above and the α-deformation by scaling and the transformation α n → e i(θ 1 +θ 2 n)t . Thus, the number of independent deformations for the cubic Szegő equation that we consider here is five, one for the linear part, α, and four for the cubic terms (87). We are not going to analyze these models in detail; nevertheless, following the procedure of the previous sections, one can arrive at the properties listed below:
• The five deformations α, β, γ, δ 1 and δ 2 have the following position space representation, with u given by (8):
where the tildes over the parameters indicate that linear redefinitions have been made compared to the parameters introduced in (87).
• The system (88) admits the following Lax pair structure (I denotes the identity):
Note that, when verifying the Lax pair, the last two terms in the first line of (88) and the second half of the second line do not contribute to dK u /dt, since they are annihilated by S † .
• There are values of parameters such that Sobolev norms of any u 0 ∈ L odd (1) remain bounded,
• There are values of parameters such that, for some u 0 ∈ L odd (1), Sobolev norms with s > 1/2 are unbounded,
• The γ deformation is a particular case of a more general deformation briefly mentioned by Xu at the end of the second reference in [18] , where the Hamiltonian
is proposed. Our case corresponds to F (x) = γx 2 /4, which is the same as modifying C 0000 as in (87), and the result respects the general structure of resonant systems (1) . To the best of our knowledge, turbulent properties of this model have not been previously investigated.
• The δ 1 and δ 2 deformations can be thought of as an (N, E)-dependent redefinition α → α + δ 1 N + δ 2 E in the α-deformation, where N and E are the conserved quantities given by (3) (4) . Due to the conservation of N and E, this essentially amounts to relabelling the trajectories of the α-Szegő system at different values of α. Note, however, that the δ 1 and δ 2 deformations keep the system within the resonant class (1), while the α-deformation does not.
It would be interesting to study more systematically which deformations of the cubic Szegő equation respect the invariant manifolds L odd (D) or admit a Lax pair based on the operator K u , but we shall not pursue it here. Similar type of analysis was performed in [34] for a related question, namely, which resonant systems of the form (1) respect another explicitly defined 3-dimensional invariant manifold, different from L odd (1).
Discussion and outlook
We have presented a large family of modifications of the cubic Szegő equation beyond the α-Szegő equation of [18] that retain its Lax pair structure and a hierarchy of finite-dimensional dynamically invariant manifolds. A central role in this family is played by the truncated Szegő system (31) (32) , where a majority of the Fourier mode couplings present in the original cubic Szegő equation have been eliminated. The systems we have introduced can be explicitly analyzed within the simplest 3-dimensional invariant manifold given by (48), and display a variety of turbulent cascades, including unbounded exponential or polynomial growth of Sobolev norms. These cascades are stronger than what is seen in the original cubic Szegő equation, which is particularly striking for the truncated Szegő equation, since naively, one would imagine that eliminating couplings between different sets of Fourier modes should weaken rather than strengthen turbulent cascades. One is thus encouraged to rethink the role played by mode couplings in turbulent phenomena.
Our systems display parallels to other deformations of the cubic Szegő equation exhibiting unbounded Sobolev norm growth, such as the α-Szegő [18] and the damped Szegő [20] equations; nevertheless, there are significant differences. We highlight the main differences between the α-Szegő and the β-Szegő equations (similar remarks could be made about the damped Szegő equation, which is further apart from our models):
• The α-Szegő model (25) introduces a deformation in the linear part of the equation for the lowest mode, while the β-Szegő model implements a modification of the cubic part, keeping the system within the resonant class (1).
• The α-deformation, or its extension in (93), only explicitly affect the lowest mode. The β-deformation nontrivially modifies the equations of motion for all modes.
• After an appropriate rescaling, the α-Szegő equation is reduced to three relevant systems (24) only depending on sgn(α). In the case of the β-Szegő equation, changes in β cannot be absorbed into rescaling, leaving an essentially continuous family of systems.
• No explicit solutions with polynomial growth of Sobolev norms are known for the α-Szegő, specifically for initial conditions in L odd (1) . Such solutions are seen for the β-Szegő system for some values of the parameters, see fig. 3 .
• The α and β deformations can be implemented simultaneously, together with a few further deformations described in section 5.
We would like to make a further brief digression that highlights, from a perspective rather different from our main treatment, the distinction between the α-Szegő equation and the β-deformations, in particular, the truncated Szegő equation. All of the systems we have considered here are Hamiltonian, and the standard procedure of quantization may be applied to such systems, according to the basic principles of quantum mechanics. The generalities of quantization of resonant systems of the form (1) have been considered in [38] , with connections to the extensive lore of the quantum chaos theory [39] . One then studies the corresponding quantum energy spectra, which are in turn expected to display different distributions of distances between neighboring levels, depending on the integrability properties of the system. By doing so, one discovers that the cubic Szegő system is extremely special, displaying a purely integer energy spectrum [38] , while a generic integrable system is expected to display a Poissonian distribution of energy level distances [39] . One is thus led to believe that the cubic Szegő equation possesses structure beyond ordinary integrability (an explicit example of that is two inequivalent Lax pairs, as opposed to just one). If one turns on the α-deformation (or the related δ-deformations from section 5), the quantum energy spectrum is no longer integer, but the distribution of energy level distances is nowhere close to Poissonian, with too many small energy level gaps. On the other hand, the truncated Szegő system, in its quantum version, displays a perfectly Poissonian distribution of energy level spacings, making it an excellent candidate for a generic Lax-integrable system within the resonant class (1). This may make the truncated Szegő system an attractive playground for quantum chaos and integrability studies of the type undertaken in [38] , quite far from the topics that initially stimulated our search for this system.
In all deformations considered in our treatment, a special role is played by mode 0. One could ask what happens if this role is swapped with another mode. For example, instead of (66), we could consider the following modification of the interactions that do not involve mode 1:
C nmkl = 1 if (n − 1)(m − 1)(k − 1)(l − 1) = 0, 1 − β if (n − 1)(m − 1)(k − 1)(l − 1) = 0.
(94)
While we did not analyze the general properties of this system, we know that, after restricting the initial conditions to odd modes, the dynamics of (94) is governed by C (β) . Hence, for β > 0 it has solutions with unbounded Sobolev norms. This trivial argument can be extended to other similar deformations of the Szegő equation anchored on other modes.
We conclude with a 'teaser' regarding finite-time turbulent blow-up, a question that has indirectly led us to the main discoveries presented in this article. Finite-time turbulent blow-up is known (from numerical simulations) to take place in extremely complicated (and physically interesting) resonant systems emerging in Anti-de Sitter spacetimes [27] [28] [29] . It would be very desirable to have a simple explicit resonant system in which this phenomenon can be analyzed. Finite-time blow-up cannot happen in the cubic Szegő equation, or any of the other systems considered in this article, on account of the exponential upper bounds on Sobolev norm growth. Our numerical experiments indicate, however, that finite-time turbulent blow-up does happen in a few simple closely related systems within the resonant class (1). More specifically, we have considered interaction coefficients of the form C nmkl = (n + 1) G (m + 1) G (k + 1) G (l + 1) G with G > 0,
(note that G = 0 is the cubic Szegő equation), as well as a truncated version of these systems analogous to the truncated Szegő equation (if all of the indices are non-zero, the corresponding C is replaced by zero, otherwise it remains intact). We have focused on numerical simulations of two-mode initial data |α 0 (0)| = 0, |α 1 (0)| = 0, |α n≥2 (0)| = 0 (96) for the cases G = 1/2 and 1. The blow-up manifests itself as the following asymptotic behavior at large n: α n 1 (t) ∼ c(t)n −γ e −ρ(t)n ,
with ρ(t) → 0 as t → t * < ∞ and γ = 2 (γ = 5/2) for G = 1/2 (for G = 1). Other systems that we have considered and observed similar phenomena are C nmkl = (n + m + 1) G with G > 0,
as well as their truncated versions. These strong and simple blow-up behaviors beg for an analytic explanation.
Szegő equation (31) in this language. To this end, we recall the expression for u given by (8) and the operators (19) , whose action in components is
b n−m h m , (Sh) n = h n−1 , (S † h) n = h n+1 .
We also have the operators
We first note that We transform the first term in the last line as 
so the validity of the Lax pair has been verified.
